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Show that

% [In(tanh x)] =2 cosech 2x, x> 0.

C))
Find the values of x for which
8 cosh x — 4 sinh x =13,
giving your answers as natural logarithms.
(6
Show that
5 —V(ijf% dr = 31n [2?3] +3V3-4.
(7
The curve C has equation
y = arsinh (x%), x=>0.
The point P on C has x-coordinate 2.
(a) Show that an equation of the tangent to C at P is
y=2x-2\2+1n (3 +2V2).
C))
The tangent to C at the point Q is parallel to the tangent to C at P.
(b) Find the x-coordinate of Q, giving your answer to 2 decimal places.
C))
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5.

Given that

(a) show that, for n > 2,

In - n(lz/l_l) In—2
n°+1
®
(b) Find the exact value of /s.
C))
¥
/ {T'
N N X
0 g x
Figure 1
Figure 1 shows the curve C with equation
1 :
y= Ecosh x arctan (sinh x), x>0.
The shaded region R is bounded by C, the x-axis and the line x = 2.
(a) Find Jcosh x arctan(sinh x) dx.
(C))
(b) Hence show that, to 2 significant figures, the area of R is 0.34.
2
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The hyperbola H has equation
2
X

2
AR
16 9

(a) Show that an equation for the normal to H at a point P (4 sec ¢, 3 tan ¢) is

4xsint+3y=25tant.
(6

The point S, which lies on the positive x-axis, is a focus of H. Given that PS is parallel to the
y-axis and that the y-coordinate of P is positive,

(b) find the values of the coordinates of P.

C))
Given that the normal to A at this point P intersects the x-axis at the point R,
(c) find the area of triangle PRS.
(&)
The curve C has parametric equations
x=3(t+sint), y=3(1-cosi), 0<t<m
(a) Show that Y tan L
dx 2
(&)
The arc length s of C is measured from the origin O.
(b) Show that s =12 sin %
C))
(¢) Hence write down the intrinsic equation of C in the form s = f(y) .
(1)

The point P lies on C and the arc OP of C has length L. The arc OP is rotated through 2z radians
about the x-axis.

3
(d) Show that the area of the curved surface generated is given by

36
@)

TOTAL FOR PAPER: 75 MARKS

END
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Question Scheme Marks
number
2
| L (in(anhx)) = S0 M1 Al
dx tanh x
1 2
=— T = 2cosech 2x {*) M1 Al (4
sinhxcoshx sinh2x
4
Notes

IM1  Any valid differentiation attempt including In{e™ —e™)—In{e” +&™)
coshx sinhx

1A1 c.a.0.{oeeg —
sinhx coshx

2M1  Proceeding to a hyperbolic expression in 2x
2A1 ¢.5.0.
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number
T )y | Ay T Bl
2 2
de* +4e™ —2¢" +2e7 =13
2e” —13e"+6=0 (or equiv.) M1 Al
(2" -D(e*-6)=0
ele, e =6 M1 Alft
2
1
x=1nE (or -In2), x=Ié6 Al 6
6
Notes
B1 Correctly substituting exponentials for all hyperbolics

1M1  To athree term quadratic in e”
1A1 c.a.0.{0.e.)

2M1  Solving their equation to &* =
2A1ft [t their equation.
3A1 .8.0.




Mark Scheme

Question Scheme Marks
number
3 x .
3. J'—dx + J‘———dx BI
Vit -9 Vit -9
= [Barcoshgﬁ-\/xz - 9} MI Al Al
- 6
2
X+vx -9
=|3In| ——————= [+/x* -9
3)
L 5
- 31n(6+;/§)+mJ—(3In(2§i)+4J MI Al -
=31n6+;/§+ﬁ—4=31n2+3*5+3d§—4 (*) Al (7
Notes 7
B1 Correctly changing to an integrable form.

1M1  Complete attempt to integrate at least one bit.
1A1 One term correct

2A1 All correct

2DM1 Substituting limits in all. Must have got first M1
3A1 Correctly (no follow through)

4A1 €.5.0.
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number
" ,
4, @Yo Atx=v2 P8, M1 Al, Al
dr 1328 dx 3 .
y —arsinh (2v2) = 2(x —/2) Ml
y =2x-22 +In(3+242) * | Al %
(b) 3 _, 9a" = 4(1+a%) MI Al
Vi+a® :
4a* —9a* +4=0 (@*-2da*—a*-2)=0 Al
g2 o 12132 o= {“‘@zogz MiAl (5
8 8
10
Notes

(a)IM1 Attempt to differentiate need (1 +x° )7; at least

1A1 correct
2A1 ca.o.

2M1 Substituting into straight line equation (linear). Must use x = \/;
3A1 cs.0.
{b)1M1 Their derivative = their gradient (condone x throughout)
2M1= A mark cao, any form '
1A1 quartic cao
3M1 Solving their quartic to ‘a’ =
2A1 c.ao0. {awrt. 0.92 to 2dp)
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number
5. (@) I, = I e*sin"xdx = [e" sin” x]— Iexnsin"lxcosxdx M1 Al
0
[e" sin” x —ne* sin™ ! xcos x]+ n .[ex (—sin™x + (n—1)cos xsin" 2 xcos x) dx M1 Al
[e" sin” x — ne* sin™" xcosx]g =0 Bl
I, =-n j o sin"wdx+n(n—1) [sin"2 x(1 - sin? x)dx M1
nin—1)
I,=-nl, +n(n-BI,_,-n(n-0I, I,="0"2p *) | M1A1 )
ne+1 .
4%3 12 2
b I, = i, =—x—1 Mil, Al
(b) 1, TR 17 %510 _
L= _[ cd=li=. , L =%(e” -1) ML AL ()
0 .

(a)}1M1 Complete attempt to use parts once in the right direction need sin" x
1Al caco

12

2ZM1 Attempt to use parts again with sensible choice of parts, not reversing. Need to be differentiating a product.

2A1 cao
1B1 both = ( at some point. (doesn’t need to be correct, must must =0)

3DM11, =expressions in Iex sin® x dx Depends on 2™ M

4DM1Expresssionin I and I, to I, =. Depends on 3* M
3A1 cs.0.
1M1 I, intermsof [,

1A1 I, correctly in terms of I, [ o.e.]
2M1  |e'dx
2A1 caofor I, .
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. . . . cosh x
6. (a) |coshxarctan(sinhx)dx = sinh xarctan(sinh x) — {sinh x————dx M1 Al Al
1+sinh”x
= sinh xarctan(sinh x) — % In(l +sinh® x) (+C) M1 Al (5
Or: - jtanhxdx
= sinh x arctan(sinh x) — In(cosh x) (+C) MI1 Al
Alternative:
Let r =sinhx, E =coshzx, J.arctantdt = tarctanf — J‘ ! 5 dt M1 A1 Al
dx 1+¢
i 1+ Ml
2
= sinh xarctan(sinh x) — — In(l + sinh® x) (+C) (or equiv.) Al
(b) %[sinh xarctan(sinh x) — In(cosh ) = ....., 0.34 (*) M1, Al 2)
7
(a) Alternative:
Let tanf = sinhx, sec® t% = coshzx, jtsecztdt =ttant — J.tantdt M1 Al Al
= — In(secr) Ml
= sinh xarctan(sinh x) — InVi+sinh®x (+C)  (or equiv.) Al
Notes
(a)IM1 Complete attempt to use parts
1A1 One term correct.
2A1 All correct.
2M1 All integration completed. Need a In term.
3A1 c.a.0.(inx) o.e, any correct form, simplified or not
(b)1M1 Use of limits 0 and 2 and 1/10.
1Al cs.0.
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7. {(a) &_Z_yiizzo E:éis:c:crtanz‘, d—y=3sec7't M1 Al
16 9 dx t dr ‘
d_y: 9x =36sect _ 3 M1 Al
dx 16y 48tans 4sint
v—3tant = _4smt(x——4sect) M1
4xsint +3y =25tans *) Al (6)
(b) Using b2 = a(e* -1): ae=+a*+b*> =5 or e=% M1 Al
4
P 4sect=35 cost = 3 Ml
Coordinates of P: (4sect,3tant)= (5,% } M1 Al (5)
() R: x=2omant 125 M1
4sint 16
Area of PRS: }—(SRxSP)zlx 125 528050 521 M1 Al (3)
2 2 16 4 128 128
14
Notes
(a)1M1 Differentitating
1A1 c.a.o.
2M1 Q in terms of 2.
b
2A1 ca.o.
3M1 Substituting gradient of normal into straight line equation.
3A1 cs.o.

(MIM1 Use of b° = a’ (e’ 1)

1Al c.a.0. foracorfore

2M1 Using x coordinate of focus= x coordinate of P, to get single term

fley= constant. {Allow recovery in (¢) )

3M1 Substituting into P coordinates to a number for x and for y.

2A1 ca.0.
(c)1M1 Attempt to find x coordinate of R.

2M1 Substituting into correct template Le. ¥ x jtheir Ry - their Hy| x their P,

1A1 c.a.0. 3 s.f. or better.
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8. (a) x=3+3cost y=3sin¢ B1
dy 3 sint 2sin %cos yz ¢ .
-ci_xﬂwT:1+cost: 2cos? 1 :tang © MLAL G
x cos /2
(b) s= [y& +3" dr =342 [VI+cost d M1 Alft
4 t . I .. .
=6 .[o COSEdl‘ = 12811’15 (Limits or establish C =0 for A1)  (*) M1 Al 4
(c) tam//:tan% = y/:% = s5=12siny Bl (1
(d) Surface area = ’[;2@)\/562 + 3 dt = 18427 [(1~cos)VT+cost dt M1 Alft
=72z Isin2~cosw dt M1
S (Esin3£] M1 Al
3 2
.t L 3 3
But sm—:i:—, - so surface areaw144ﬁx£? _=L (") M1 Al (7
2 12 12 3 12 36

(a)1B1 both
1M1 Attempt at y*/x’
1A1 cso — on paper need to see half angles
(b)1M1 Attempt at arc length, integral formula
1A1 cao follow through on their x* and ¥’ one variable only
2M1 Integrating
2A1 cso— on paper
(c) 1B1 cao
(d) IM1 Atternpt at Surface area, integral formula.Condone lack of 2.
1A1 cao follow through on their x* and ¥* condone lack of 2z. one variable only
2DM1Getting to integrable form condone lack of 2x. Depends on previous M mark.
3DMlintegrating condone lack of 2. Depends on previous M mark.
2A1 cao
4DM1Eliminating t to give expression in L only Depends on previous M mark.
3Al cso - on paper.
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Alternative solution for 8d (from Charles)

S =2x [yds
=27 I (3—3cos 2y )(12cosy )dy
=2 I(36 cosy —36cosy cos 2y )dy
=T72rx |cosy(l —cos 2y )dy
=727 |cosy 2sin’ wdy

= 727r.§sin3 w

_48sin* -

3
= 487:L3
12
_ =l

36
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